Multi-normal-mode splitting peaks are experimentally observed in a system with Doppler-broadened twolevel atoms inside a relatively long optical cavity. In this system, the atoms-cavity interaction can reach the "superstrong coupling" condition with atoms-cavity coupling strength g √ N to be near or larger than the cavity free-spectral range ∆F SR. In such case, normal-mode splitting can occur in many cavity longitudinal modes to generate the multi-normal-mode splitting peaks, which can be well explained by the linear dispersion enhancement due to the largely increased atomic density in the cavity. Many new interesting phenomena might come out of this superstrong atoms-cavity coupling regime.
Studies of strong coupling between atoms and cavity field have been very active in the past 30 years [1] due to its importance in the fundamental understanding of quantum electrodynamics and potential applications in quantum computation and quantum information processing [2] . In the traditional cavity-quantum electrodynamics (C-QED), high finesse microcavities are normally used to enhance the single-photon coupling strength g (= µ 2 ωc 2 VM , where ω c is the resonant frequency of the cavity, µ is the atomic dipole matrix element, V M is the cavity mode volume), so the strong-coupling condition of g > κ, γ can be satisfied even with a single atom [1, 3, 4] (where κ is the cavity decay rate and γ is the atomic decay rate). Two normal-mode splitting peaks (i.e. Rabi sidebands) appear in the cavity transmission spectrum due to such strong atom-cavity interaction, with the frequency space between the two side peaks given by 2g. This atom-cavity coupling strength g can be enhanced by using an assemble of atoms to be g √ N , where N is the number of atoms in the cavity mode volume [5, 6] . Normal-mode splitting in assemble of two-level atoms has been demonstrated in atomic beams [7, 8] , cold atomic cloud [9, 10, 11] and Bose-Einstein condensate [12] . Recently, such normal-mode splitting was even observed in Doppler-broadened two-level atoms in a hot atomic vapor cell inside a low finesse ring cavity [13] .
A different regime of atoms-cavity interaction has been investigated in a system with cold atoms in an optical lattice formed inside a high-finesse, macroscopic optical cavity [9, 14, 15] . Interesting effects, such as cavity-mediated collective light scattering due to the self-organized atoms in the intracavity optical lattice and collective atomic motion, were observed in such system [15] . Recently, normal-mode splitting and collective mechanical effects have also been studied in such atoms-cavity system [9] . The coherent backscattering between the two propagating directions of a longitudinal mode has enhanced the coupling between the atoms in the optical lattice and the cavity fields, even when the fields are detuned far from the atomic resonance [15] .
In this Letter, we present our experimental demonstration of multi-normal-mode splitting peaks due to strong coupling between high-density, inhomogeneously-broadened two-level atoms and multiple longitudinal cavity modes in a long FabrePerot optical cavity. Here, we have reached a new regime of strong atoms-cavity interaction, i.e. with g √ N > ∆ F SR , where ∆ F SR is the free-spectral range (FSR) of the optical cavity. Meiser and Meystre theoretically studied a system under such condition with a microscopic number of atoms [16] and named it as the "superstrong coupling" regime in the C-QED. Such superstrong coupling condition has not been reached in previous experiments due to either short optical cavity (therefore very large ∆ F SR ) used to increase g or relatively low atomic density. In the current experimental system with inhomogeneously-broadened two-level atoms in a long optical cavity, the atomic density can be easily increased to satisfy this superstrong coupling condition. With normalmode splittings for multiple longitudinal cavity modes, different cavity modes and their atom-cavity polaritons can interact with each other, which can provide the atom-mediated coupling between different cavity modes via χ(3) nonlinearity [17] . Such coupling between different cavity field modes can be used for many applications in quantum information processing, such as phase gates and multimode entangled states. With such demonstrated new regime in atoms-cavity interaction, many more interesting applications can be envisioned, including ones in solid-state systems and photonic crystal cavities.
In the model of the coupled atoms-cavity system, the cavity is a standing-wave cavity with length L c , and the intracavity medium is an assemble of two-level atoms, whose resonance frequency ω a is near a cavity resonance at frequency ω c . The two-level atomic medium has a length L a < L c with N atoms in the cavity volume. The intensity transmission function of a probe laser (ω L ) for this coupled atoms-cavity system can be easily found and is given by Eq.1 in Ref. [7] . The frequency -dependent intensity-absorption coefficient and the refractive index of the atomic medium are given by
respectively, where α 0 = ω a N D |µ| 2 /ε 0 cγ a is the line-center absorption coefficient. Notice that Eqs.1 and 2 are valid only when 2πα 0 /λ a ≪ 1 [18] . Here, the angle sustained by the cavity mode is small, and the transverse decay rate can be very closely approximated by the atomic free-space decay rate γ a = µ 2 ω 3 a /3π ǫ 0 c 3 . Thus, the line-center absorp-
are the laser-atom and atom-cavity frequency detunings, respectively. The cavity linewidth is given by κ = ∆ F SR /F , where F is the cavity finesse. This lineardispersion theory was used to explain the experimental observation in the system with a two-level atomic beam passing through an one-centimeter long standing-wave cavity [7] , where only one cavity longitudinal mode (m=0) was considered.
Here, we can also apply this linear-dispersion theory to the case with superstrong coupling, in which other cavity longitudinal modes (m = ±1 and m = ±2, et al) have to be included. We will only consider the case of ∆ ac = 0. For an empty cavity, the cavity transmission peaks are Lorenzian in shape and occur at φ(ω L ) = ±m2π, where φ is the round-trip phase shift experienced by the intracavity field going through the cavity and m = 0, 1, 2, ..., with equal mode spaces given by ∆ F SR , as can be easily seen from the cavity transmission function (Eq. (1) in Ref. [7] ). With an intracavity (twolevel) atomic medium, the cavity transmission structure is significantly modified. First, when the atomic density is high enough, so g √ N ≫ γ a , κ, but much smaller than ∆ F SR , φ(ω L ) = 0 will have two real solutions due to the dispersion introduced by the atoms as given in Eq. (2) . This indicates that the center peak (m=0) in the cavity transmission is split into two side peaks located at ±g √ N , respectively, which is the standard normal-mode splitting, as shown in Fig. 1(a) . Under this condition, the other cavity modes (m = ±1 and m = ±2, et al) are not affected by the atoms and still have equal spaces between them given by ∆ F SR . However, as the condition that g √ N is near or larger than ∆ F SR is satisfied, then not only the center cavity mode (m = 0) has normal-mode splitting, other cavity modes (such as m = ±1) will interact with the atoms and have their own normal-mode splitting peaks (i.e. φ(ω L ) = 2π or φ(ω L ) = −2π will also have two real solutions), as shown in Fig.1(b) . The positions of their two normal-mode splitting peaks for |m| ≥ 1 locate in the two sides of the atomic resonant frequency and present asymmetric structure as shown in Fig. 1(b) . To see this, let's consider only the m = 1 cavity mode, which can be viewed as a mode with an effective cavity detuning of ∆ F SR . As it interacts with atoms under the "superstrong coupling" condition, the Rabi sidebands become very asymmetric (due to large effective detuning), with one large peak on the right (near the original empty cavity peak position) of the atomic resonance and a smaller peak on the left of the atomic resonance (all labeled as "1" in Figs. 1(b)-1(d) ). When the atomic density gets even higher, more cavity modes (such as m = ±2 and m = ±3, et al) will participate in the mode-splitting process, which form the multi-normal-mode splitting structure, as shown in Figs. 1(c) and 1(d).
For our experimental situation, we consider a system with two-level rubidium atoms (in a vapor cell) inside an optical standing-wave cavity of 17.7 cm long. Here, γ a = 2π × 6M Hz. The original normal-mode splitting g √ N can reach and even be larger than ∆ F SR by increasing the temperature of the atomic cell (the corresponding atomic density is increased quickly with temperature). Due to Doppler effect, the absorption (and therefore also the dispersion) profile is much broader with a width of δω D = [13] . Notice that the second-term in the index of refraction of the intracavity medium (Eq. 2) depends on the atomic density in the cavity (a 0 ∝ N D ). So, as the temperature of the atomic cell increases, more cavity modes will participate in the modesplitting interactions to generate the multi-normal-mode splitting peaks.
Parameters used in plotting Fig. 1 are basically the same as in our experiment. For very low absorption coefficient a 0 (corresponding to low temperature or atomic density), the Doppler absorption and dispersion width (δω D = 2π × 343M Hz) is smaller than the cavity free-spectral range (∆ F SR = 2π × 850M Hz). Therefore, except for the two middle normalmode peaks, all other peaks are the cavity transmission peaks without mode-spitting (corresponding to Fig. 1(a) ), since they do not interact strongly with the atoms. The shorter transmission peak height of the two middle normal-mode peaks is due to the atomic absorption. As the absorption coefficient a 0 gets larger (higher temperature), the dispersion changes and more FSR cavity modes join the mode-splitting interactions, as shown in Figs. 1(b)-1(d). Figures 1(e) and 1(f) (which are the re-plots of Figs.1(b) and (d), respectively, with the FSR cavity mode number m as the horizontal axis) give a more clear insight into the positions and heights of the multi-normal-mode splitting peaks. Such plots are the typical avoided-crossing plots commonly used in cavity-QED.
The experiment was done using a standing-wave cavity of 17.7 cm long, as shown in Fig.2 . The cavity composes of two mirrors with same radius of curvature of 100 mm. The reflectivity is 90% at 780 nm for the input coupler M 1, which is mounted on a PZT to adjust the cavity length. The output coupler M 2 has a reflectivity of 99.5% at 780 nm. The finesse of the cavity including the losses of two faces of the atomic cell is about F = 20. The length of the vapor cell is 5 cm. The temperature of the vapor cell can be controlled by a heater. A grating-stabilized diode laser, which first passes a standard polarization maintaining single-mode fiber, was used as the cavity input beam with an input power of 4 mW. The laser beam with the spatial mode filter by an optical fiber is easer to mode-match to the T EM 00 mode of the optical cavity. The diode laser has also been divided into several parts to be used in the saturated absorption spectroscopy (using another rubidium atomic cell) and in the F-P cavity for monitoring the frequency and mode of the laser. The optical cavity length was kept unchanged and the input laser frequency was scanned to measure the transmission spectra. The transition between the 5S 1/2 , F = 1 and 5P 3/2 , F ′ in 87 Rb was used for the two-level system.
At a low atomic cell temperature (T = 105
, the cavity transmission spectrum is given in Fig.3(a) . At both sides of the resonant frequency of atoms, the atoms-cavity normal modes can be observed. Only two normal-mode splitting peaks appear in the transmission spectrum, and the other outside peaks are simply the cavity FSR peaks without mode-splitting, as predicted in Fig.1(a) . Notice that the atomic density predicted theoretically in Fig.1(a) is about an order of magnitude smaller than the density predicted by Ref. [19] for rubidium at T = 105 0 C, which is mainly due to a large fraction of atoms populated at 5S 1/2 , F = 2 when without a pump light [20] . As the temperature increases (T = 110 0 C), more FSR cavity modes participate in the mode-splitting process and generate the multinormal-mode splitting peaks, as shown in Fig.3(b) , which also agrees with the theoretical curve of Fig.1(b) . In order to label the two original normal-mode splitting peaks, we must monitor the peaks carefully by slowly increasing the temperature. The asymmetry in the two transmission side peaks compared with Fig.1 is due to the influence of absorption from 5S 1/2 , F = 2 to 5P 3/2 , F ′ transition in 85 Rb, as shown in Fig.3(e) . As the temperature is further increased (T = 115 0 C and T = 120 0 C), more FSR cavity modes join in the modesplitting interactions as shown in Figs.3 (c) and (d) (which are also predicted in Figs.1(c) and 1(d) ) due to the largely increased dispersion as indicated by Eq.2. Since the atomic density (and therefore the absorption coefficient a 0 ) depends exponentially on the temperature, the dispersion change (and therefore the number of FSR cavity modes generating multinormal-mode splitting) has a very sensitive dependence on the temperature of the atomic cell, as shown in Fig.3 .
In summary, we have studied the cavity transmission spectra in a system with Doppler-broadened two-level atoms in a standingwave cavity under the "superstrong coupling" condition of g √ N larger or equal to ∆ F SR . In this superstrong atoms-cavity coupling region, mode-splitting occurs in many FSR cavity modes due to the interactions with the intracavity Doppler-broadened atoms, and multi-normal-mode split- ting peaks were observed experimentally. Such multi-normalmode peaks depend sensitively on the atomic density. This phenomenon can be qualitatively explained by using the linear absorption and dispersion theory of the cavity transmission, and by taking into account the sensitive dependence of the index of refraction of the intracavity medium on the atomic density. This work sheds new light on the investigations of this novel "superstrong coupling" region in the exciting field of collective coupling between atoms and cavity, and can lead to interesting applications in quantum information processing. 
